This paper models the domain dynamics in a ferroelastic epilayer within the timedependent Ginzburg-Landau (TDGL) 
Introduction
The thermodynamics and kinetics of bulk ferroelectric materials have been extensively studied ͓͑1͔͒. However, there is little systematic study on the ferroelectric thin films ͓͑2,3͔͒. This paper considers some important issues on the domain dynamics in a ferroelastic epilayer on a paraelastic substrate. Consider a ferroelastic epilayer on a paraelastic substrate. The epilayer is much thinner than the substrate. They are coherent, accommodating the lattice mismatch by elastic deformation. At high temperatures, the epilayer and the substrate surface both have square symmetry, but have different lattice constants. To compensate for the lattice mismatch, the epilayer is under a uniform, biaxial stress state, and the substrate is unstressed. At low temperatures, the epilayer has rectangular symmetry, but the substrate surface still has square symmetry. Because of the broken symmetry, the epilayer now has two variants, equivalent upon a 90-deg rotation ͑Fig. 1͒. Within the Ginzburg-Landau framework ͓͑1͔͒, we characterize the ferroelastic state by two order parameters, (p 1 ,p 2 ), taken to be the components of a vector lying in the plane of the layer. If the epilayer were unconstrained by the substrate, the two variants would have different spontaneous strain states, equivalent after the 90-deg rotation. This paper considers the epilayer constrained on the substrate. It is sometimes assumed in the literature that the energy ground state is a single-variant epilayer on the substrate. This state is illustrated in Fig. 2͑a͒ . The stress state in the epilayer is uniform and biaxial, with unequal components in the two directions. The substrate is unstressed. Assuming that the epilayer is of a single variant, Pertsev et al. ͓2͔ showed that the constraint of the substrate could alter the Curie temperature and even induce new phases.
However, the epilayer of a single variant on the substrate is not the energy ground state ͓͑3-7͔͒. This is readily understood as follows. In Fig. 2͑b͒ , the two variants coexist and form domains. To aid the argument, imagine that suitable forces are applied on the domain walls, so that the stress state in the old variant is unchanged, the stress state in the new variant is equivalent to the old one after the 90-deg rotation, and the substrate remains unstressed. Consequently, the state in Fig. 2͑b͒ has the same elastic energy as the state in Fig. 2͑a͒ . Now gradually reduce the forces on the domain walls, and allow the epilayer and the substrate to deform. After the forces are completely removed ͑Fig. 2͑c͒͒, the displacements are generally in directions opposite from the applied forces in Fig. 2͑b͒ . Consequently, after elastic relaxation, the two-variant state in Fig. 2͑c͒ has lower elastic energy than the single-variant state in Fig. 2͑a͒ . That is, when the symmetry is broken, due to the substrate constraint, the single-variant epilayer is no longer the energy ground state. This suggests that Pertsev et al.'s assumption of a single variant is excessively simplistic and questions the validity of their results. Figure 3 illustrates a domain pattern of a periodic array of alternating variants. The smaller the domain size, the more elastic energy is relaxed. Consequently, elasticity drives domains to refine. On the other hand, variants coexist at the cost of adding the domain wall energy. The smaller the domain size, the longer the collective domain walls. That is, the domain wall energy drives the domain to coarsen. The competition between the elastic energy and the domain wall energy selects an equilibrium domain size, which minimizes the combined energy ͓͑3-14͔͒. It is also expected that the minimization of the combined energy can select an equilibrium domain pattern.
This paper introduces a model within the time-dependent Ginzburg-Landau ͑TDGL͒ framework to simulate domain dynamics in the epilayer. The epilayer may have different properties from the bulk, particularly if the epilayer is only a few monolayers thick. It may also be possible that a marginally paraelastic bulk crystal is ferroelastic within a few surface layers. Motivated by these considerations, we will model the epilayer-substrate as a single system. The model parallels that for an epilayer with composition modulation ͓͑12-14͔͒. In the present model, the free energy of the system consists of two parts: the bulk elastic energy and the excess surface energy. The elastic energy density is taken to be quadratic in the strains. The excess surface energy density is expanded into a polynomial of the order parameters, the gradients of the order parameters, and the strains. In this expansion, the surface stress is taken to be quadratic in the order parameters. We derive the evolution equations from the free-energy variation associated with variation in the order parameters, and determine the elastic field by superposing the Cerruti solution. To illustrate the model, we present preliminary results from computer simulations.
The TDGL framework has been applied to bulk ferroelastic crystals ͓͑15-17͔͒. In a bulk ferroelastic single crystal, however, elasticity does not refine domains. In fact, the single-domain crystal is the energy ground state. The bulk elasticity problem lacks an intrinsic length scale. For an infinite, polydomain crystal, the total elastic energy in the crystal is independent of the domain size so long as the domain pattern is self-similar as domains coarsen. In this case, domains coarsen to reduce the domain wall energy. The situation is different if the system is not an infinite single crystal. For a thin ferroelastic film on a substrate ͓͑4 -9͔͒, the film thickness provides a length scale. In a polycrystalline crystal, the grain size provides a length scale ͓͑18,19͔͒. In both cases, elasticity does limit the size of the domains. In the model introduced in this paper, the length scale is provided by the introduction of the surface stress, as will be identified in a later section.
Free Energy and Kinetic Law
Even for a single crystal, atoms in a few surface layers have different energy from atoms in the bulk. The deposition of the epilayer further changes the energy state. We model the substrateepilayer system as a bulk solid coupled with a superficial object. The total free energy consists of two parts: the bulk elastic energy and the excess surface energy, written as
where W is the elastic energy density, and ⌫ is the excess surface energy density. The first integral is over the volume of the entire system, and the second integral is over the surface area covered by the epilayer. Following ͓14͔, we interpret the surface energy as the excess free energy relative to bulk elastic energy. Thus, ⌫ includes the effects of the mismatch between the two materials, as well as the presence of the empty space above.
In the rectangular coordinate system, the surface coincides with the (x 1 ,x 2 ) plane, and the material occupies the half-space x 3 Ͻ0. Reference the displacement vector in the system u i from an infinite, unstressed crystal of the same composition as the substrate. The strain tensor i j relates to the displacement gradient, namely,
The Latin subscripts run from 1 to 3.
We assume that the substrate is elastically isotropic, being the shear modulus, and Poisson's ratio. The elastic energy density W is quadratic in the strain tensor: Transactions of the ASME
The stresses i j in the bulk are the differential coefficients of the elastic energy density:
The repeated subscripts imply the summation convention. We characterize the ferroelastic state of the epilayer by two order parameters, p 1 and p 2 , which form the components of a vector lying in the plane of the epilayer. For example, when the layer is also ferroelectric, this vector coincides with the polarization. The excess surface energy density ⌫ is a function of the order parameters, the gradients of the order parameters, and the strains. Following the Ginzburg-Landau formalism, we expand ⌫ into a Taylor series to the lowest terms in p ␣,␤ and ␣␤ :
The Greek letters run from 1 to 2. The physical content of every term in ͑5͒ is interpreted as follows. The first term in ͑5͒ is the Landau expansion. We assume that the epilayer has square symmetry in the high-temperature phase. The Landau expansion takes the following form ͓͑15-17͔͒:
Here a 0 is the surface energy density of the epilayer on the substrate when the epilayer is in the paraelastic phase (p ␣ ϭ0) and the substrate is unstrained ( ␣␤ ϭ0). The coefficient a 1 is proportional to TϪT C , i.e., the temperature difference from critical point, T C . When TϽT C , a 1 Ͻ0, and the function has four wells ͑Fig. 4͒. Each well corresponds to an unconstrained ferroelastic variant. There is no reason to regard the coefficients in ͑6͒ to be the same as those of bulk materials. The second term in ͑5͒ stands for the gradient energy, which is taken to be quadratic in the gradients of the order parameters ͓͑15-17͔͒:
The g parameters are positive constants. This is a continuum description of the domain wall energy.
The third term in ͑5͒ gives the strain dependence. We have only included the linear terms of the strains, neglecting the excess elastic constants of the epilayer relative to the substrate. The latter could also be included as a refinement of the theory. The coefficients f ␣␤ are the components of the surface stress tensor. The surface stress tensor has been incorporated into the continuum elasticity theory by adding a strain-dependent surface energy to the free energy ͓10-14͔. In this paper, we expand the surface stress f ␣␤ in terms of the order parameters:
Here f 0 is the surface stress when the epilayer is in the paraelastic state. In the ferroelastic state, the surface stress is taken to be quadratic in the order parameters. The surface stress couples the domain pattern in the epilayer to the elastic deformation in the substrate. The epilayer-substrate is a nonequilibrium thermodynamic system. The system can vary by two means: the elastic displacements and the order parameters. Characterize a virtual change of the system by ␦u i and ␦p ␣ . The free-energy variation associated with this virtual change is
We assume that elastic relaxation is much faster than domain switching. At a given time the system reaches elastic equilibrium instantaneously. Consequently, the energy variation associated with the elastic displacements vanishes, leading to the familiar equilibrium equations in elasticity:
and the boundary conditions:
Associated with the virtual change of the order parameters, the variation of the free energy defines a thermodynamic force, F ␣ , namely,
A comparison of ͑9͒ and ͑12͒ gives that
Following ͓12-14͔, we adopt a linear kinetic law that the rate of the change of the order parameters is proportional to the driving force, namely,
where L is the kinetic coefficient. Combining ͑13͒ and ͑14͒, we obtain the evolution equations for the order parameters:
Assuming elastic equilibrium and using the divergence theorem, we obtain the free energy as follows:
The integral extends over the surface area. 
Dimensionless Equations, Length Scales, and Time Scale
The four wells in the function f L ͑Fig. 4͒ correspond to four states of spontaneous polarization. The value of the spontaneous polarization p s satisfies 
The driving force F ␣ in ͑13͒ contains three terms. The comparison of the terms involving f L and f G defines a length scale:
This length represents the width of the domain wall in the Ginzburg-Landau framework. We use b to normalize the spatial coordinates. Figure 5 shows the shape of a 90-deg domain wall. In ͓15͔, a boundary value problem was solved to obtain the analytical result for the 90-deg domain wall. In our work, the simulation from evolution equations shows similar shape, and the domain wall width is comparable to b. In ͑13͒ a comparison between the gradient energy term and the surface stress term defines another length scale:
This length scales the size of an individual domain in an equilibrium pattern. As stated in the Introduction, the equilibrium domain pattern is an outcome of the competition between refining due to elasticity and coarsening due to domain wall energy. The time scale can be derived from the evolution Eqs. ͑15͒, giving
We will report time in the unit of .
In terms of the dimensionless quantities introduced above, the evolution equations become In the above the strains have to be determined by solving the elastic field in the semi-infinite solid subject to the following boundary conditions on the surface:
where the stress is normalized by ␤ 11 p s 2 /b. The elastic field in a half-space due to a tangential point force on the surface is known as the Cerruti field ͓20͔. A superposition gives the needed strain field: Transactions of the ASME
The strains are normalized by ␤ 11 p s 2 /4b. The displacements, normalized by ␤ 11 p s 2 /4, are
Computer Simulation
To illustrate the model, we now present several preliminary computer simulations. Referring to ͓16,17͔, we adopt the following parameters: 
We have not carried out a comprehensive parametric study. The evolution equations have both spatial and temporal derivatives. We discretize the infinite surface into an array of squares of size NϫN. All fields are assumed to be periodically replicated from one square to another. Each square is the computation unit cell, which is subdivided into grids of spacing ⌬x. Spatial derivatives are approximated with finite difference. At every time step, the elastic field is calculated by evaluating the double integrals, and the order parameter field is updated by using the Euler method. In our simulation, we use Nϭ128, ⌬xϭ1.0, and adaptive time steps. The ratio of two length scales is b/lϭ1.0. The singular integrals in ͑26͒ and ͑27͒ are evaluated by adopting a technique in the Appendix. Since the double integrals must be calculated for every grid point, the simulation is rather slow. The evolution can also be simulated in reciprocal space ͓͑12-17͔͒, which we will implement for this model in the future.
For a given domain pattern, i.e., a prescribed field of the order parameters, the free energy can be computed from Eqs. ͑16͒, ͑25͒, and ͑27͒. In the first simulation, we specify a parallel domain pattern, fix the domain spacing, but allow the domain walls to relax locally. We calculate the free energy as a function of the domain spacing. Figure 6 illustrates the effect of substrate constraint. The domain size in this figure is the width of the domain along ͑x,y͒ coordinates of Fig. 5 . As discussed in the Introduction, without the substrate, the total free energy of the epilayer decreases with the increase of the domain size, and the single domain has the lowest energy. With the substrate constraint, since the competition of elasticity and domain wall energy selects an equilibrium domain size, a valley exists on the curve of energy versus domain spacing. For the domains smaller than the equilibrium size, the relaxation of the elastic energy cannot accommodate the rapid increase of the domain wall length, so the more domains, the higher the free energy. Figure 7 compares the domain evolution with substrate and without substrate constraint. Through every grid point we draw a short line segment, representing the magnitude and the direction of the order parameter. The left column shows the result with the substrate, and the right one without substrate. In both cases, we start with the initial condition of a small random perturbation of the order parameter field from zero, corresponding to the paraelastic state. When the layer is constrained, parallel domains form, and the domain size approaches to what has been shown in Fig. 5 . When the layer is unconstrained, the domains coarsen, being limited only by the calculating cell size.
Summary
This paper presents a formalism to simulate the evolution of domain patterns in ferroelastic epilayers. The surface stress due to the spontaneous strains can be relaxed by the substrate mediated elastic interaction. Free energy is divided into two parts. One is the elastic energy of the semi-infinite substrate, and the other is the excess surface energy, which has the ingredients of the Landau expansion, the gradient energy, and the surface stress. Evolution equations are derived from energy variation. Computer simulation ascertains that the competition of coarsening and refining is responsible for equilibrium domain patterns. The formalism presented in this paper is flexible, and can be used to study other phenomena involving surface phase transition and pattern formation. With substrate constraint, the energy reaches a minimum at a specific domain size. Fig. 7 Comparison of domain evolution in simulations with substrate constraint and without. The left column is the result with substrate, and parallel domains can be seen. The right column is the result without constraint, and the structure keeps coarsening.
